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14 QUANTUM CHANNELS WITH POLYTOPIC IMAGES AND IMAGEADDITIVITY
MOTOHISA FUKUDA, ION NECHITA, AND MICHAEL M. WOLF
Abstract. We study quantum channels with respect to their image, i.e., the image of the set
of density operators under the action of the channel. We first characterize the set of quantum
channels having polytopic images and show that additivity of the minimal output entropy can
be violated in this class. We then provide a complete characterization of quantum channels T
that are universally image additive in the sense that for any quantum channel S, the image of
T ⊗ S is the convex hull of the tensor product of the images of T and S. These channels turn
out to form a strict subset of entanglement breaking channels with polytopic images and a strict
superset of classical-quantum channels.
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1. Introduction
This work is motivated by the study of additivity problems in quantum information theory.
These problems typically arise whenever tensor products appear in optimization problems. The
fact that quantum states on a tensor product space are not restricted to convex combinations
of product states enables various manifestations of the whole being more (or occasionally less)
than the sum of its parts. A paradigm of such an additivity problem concerns the minimum
output entropy of a quantum channel. Looking at the problem, which is described in detail
in Section 4, one may realize that the details of the channel are only relevant if they influence
the image of the channel and how it behaves under tensorization. However, images of quantum
channels and their behaviour under taking tensor products are poorly understood. The present
paper attempts to makes a first step in the direction of improving this.
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Our main results can be stated informally as follows (for a precise statement, see Thm.3.5
and Thm.6.2).
Theorem (Channels with polytopic images). A quantum channel T has polytopic image if and
only if it can be decomposed as the sum of a classical-quantum channel T1 and an arbitrary
channel T2, where T1,2 act on orthogonal diagonal blocks of the input, and the image of T2 is
included in the image of T1.
Theorem (Universally image additive channels). A quantum channel T is universally image
additive if and only if it is essentially classical quantum, i.e., if it is entanglement breaking with
POVM operators having unit norm.
The paper is organized as follows. Section 2 fixes the notation, defines the basic objects and
briefly discusses some of their elementary properties. In Section 3 we then derive a characteri-
zation of quantum channels (or more general linear maps) with polytopic images. The core of
the section is a careful analysis of how a vertex can appear in the image of a channel. Section
4 then shows that, despite their seemingly ’classical’ image, quantum channels with polytopic
images can still violate the additivity of the minimum output entropy. In Section 6 a stronger
form of additivity, namely universal image additivity, is analyzed and the set of channels with
this property is characterized. Section 5 provides a preparatory result for this analysis. Finally,
in Section 7 we reinvestigate entanglement breaking channels with polytopic images.
2. Definition and first examples
We denote by Md(C) the set of d × d matrices with complex entries and define Sd ⊆ Md(C)
to be the subset of density matrices, i.e., positive semi-definite matrices with unit trace. Occa-
sionally, pure quantum states described by rank one density matrices will be characterized by a
corresponding unit vector in Cd.
A positive operator valued measure (POVM) will in this paper be identified with a tuple
(M1, . . . ,Mk) of positive semi-definite operators Mi ∈Md(C) for which
∑k
i=1Mi = 1.
A linear map T : Md(C) → Mn(C) will be called a quantum channel (in the Schro¨dinger
picture) if it is completely positive and trace preserving. Its image will be defined as
Im(T ) := T (Sd) = {T (ρ) : ρ ∈ Sd} ⊂Mn(C).
Note that Sd and therefore also Im(T ) are compact convex sets and that every extreme point of
Im(T ) has a pure state in its preimage.
Every linear map T : Md(C)→Mn(C) can be represented as
T (ρ) =
k∑
i=1
Tr(Miρ)σi, (1)
with suitable matrices Mi ∈ Md(C) and σi ∈ Mn(C). Depending on the properties of these
matrices we get different classes of quantum channels, which we summarize in the following
definition:
Definition 2.1 (Classes of entanglement breaking channels). Let T : Md(C) → Mn(C) be a
linear map.
QUANTUM CHANNELS WITH POLYTOPIC IMAGES AND IMAGE ADDITIVITY 3
(1) T is an entanglement breaking quantum channel if it admits a representation as in
Eq.(1) where the Mi’s form a POVM and the σi’s are density matrices.
(2) T is called an essentially classical-quantum channel if it admits a representation as in
Eq.(1) where the Mi’s form a POVM for which ∀i : ||Mi|| = 1 and the σi’s are density
matrices.1
(3) T is called a classical-quantum (CQ) channel if there is an orthonormal basis {ei ∈ Cd}
such that T admits a representation as in Eq.(1) with k = d and where Mi = eie
∗
i and
σi ∈ Sn for all i.
The image of an essentially classical-quantum channel can be seen to be the convex hull of
the points {σ1, . . . , σk}
Im(T ) = hull(σ1, . . . , σk).
That is, in this case Im(T ) is a convex polytope. In order to see this, note that the POVM
operators associated to such a channel can be decomposed as
Mi = eie
∗
i + M˜i, (2)
where {e1, . . . , ek} is an orthonormal family of vectors in Cd spanning a k-dimensional subspace
V and (M˜1, . . . M˜k) form a POVM on the orthogonal subspace V
⊥. In particular,
∀i, j, Tr(M˜ieje∗j ) = 0. (3)
By choosing ρ = eie
∗
i we now get σi ∈ Im(T ) while the the inclusion Im(T ) ⊆ hull(σ1, . . . , σk)
follows from the POVM condition.
Note that for general entanglement breaking quantum channels, the image may not be a
convex polytope. As an example, consider the following case where the POVM operators are up
to rescaling projections on non-orthogonal vectors: let T : M2(C)→M3(C) be of the form
T (ρ) =
3∑
j=1
Tr(Mjρ)eje
∗
j , (4)
where {ej}3j=1 is an orthonormal basis of C3. The POVM operators Mj ∈M2(C) are defined by
Mj =
2
3
Pωj ,
where Pωj is the orthogonal projection on the complex number ω
j ∈ C (seen as a vector in
R
2 ⊂ C2) and ω is a third root of unity. An easy computation shows that the image of T is the
set of diagonal matrices with entries inside the filled circle in Figure 1.
3. Quantum channels with polytopic images
In this section, we study the structure of quantum channels sending the convex body of
quantum states to a convex polytope. Since the main applications of the results below are in
quantum information theory, we state our results for quantum channels; note however that all
the results in the current section remain valid in the case of linear maps between matrix algebras.
We start by recalling the definition of a vertex of a convex set (see [3, Definition 11.6.1], and
Figure 2 for a graphical example).
1Here || · || denotes the operator norm.
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Figure 1. The image of the entanglement breaking quantum channel T from
(4) is not a polytope.
Definition 3.1. Let V be a finite dimensional real vector space and C ⊆ V a closed convex set.
A point x on the boundary of C is called a vertex if the intersection of all supporting hyperplanes
of C at x is the set {x}. In particular, x is then an extreme point of C.
For convex polytopes, the sets of vertices and extreme points coincide. A convex set like Sd,
on the other hand, has no vertices. If the image of a quantum channel has a vertex, then (since
it is in particular an extreme point) there is always a pure input state that is mapped onto it.
A B
Figure 2. On the left, the point A is a vertex of the convex set, since the
the number of independent supporting hyperplanes going through A matches the
dimension of the ambient vector space. On the right, there is a unique supporting
hyperplane going through the point B, so B is not a vertex.
Lemma 3.2. Consider a quantum channel T : Md(C) → Mn(C) and two different pure states
x, y ∈ Cd such that T (xx∗) is a vertex of Im(T ). If H is the two-dimensional subspace of Cd
spanned by x and y, then the restriction TH of T to End(H) is of the form
TH(ρ) = 〈x, ρx〉T (xx∗) + 〈x⊥, ρx⊥〉T (x⊥x∗⊥),
where x⊥ is orthogonal to x in H. Moreover, if T (yy
∗) is also a vertex of Im(T ), different from
T (xx∗), then x ⊥ y.
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Proof. Let SH := Sd ∩ End(H) be the set of quantum states on H, which is isomorphic to the
Bloch ball (see Appendix A). Using the linearity of the map T , it follows that T (SH), as the
image of a sphere under a linear map, is an ellipsoid E.
We shall now show that the ellipsoid E is degenerate, being at most 1-dimensional. Let C
be the intersection of the image of T with the smallest affine space containing E. Obviously,
we have T (xx∗) ∈ E ⊆ C. Moreover, T (xx∗) is a vertex of C. Since E is a subset of C that
contains T (xx∗), the point T (xx∗) must be a vertex of E as well and thus E must be either a
point or a segment.
When the dimension of the ellipsoid is zero, the statement of the theorem is trivially true, so
we focus on the case where the ellipsoid is a segment with T (xx∗) being one of the end points.
If σ 6= T (xx∗) denotes the other endpoint of the segment, then the restriction TH can be written
as
TH(ρ) = f(ρ)T (xx
∗) + (1− f(ρ))σ (5)
for any quantum state ρ supported on H. Moreover, taking the inner product with some matrix
orthogonal to σ we notice that the function f(·) is linear. By the Riesz representation theorem,
there exists a Hermitian matrix M ∈ End(H) with 0 ≤M ≤ I and such that
f(ρ) = Tr[ρM ] (6)
Using ρ = xx∗, we must have xx∗ ≤M . Also, f(ρ) = 0 for some other input ρ (in order to get
the segment image), but then ρ must be x⊥x
∗
⊥, so that M = xx
∗, and the proof of the first part
of the statement is now complete.
In the case where T (yy∗) is also a vertex, the image must be the line segment [T (xx∗), T (yy∗)]
and thus σ = T (yy∗) and y = x⊥. 
Corollary 3.3. Let T : Md(C) → Mn(C) be a quantum channel, σ a vertex of Im(T ) and
Xk := {x1, . . . , xk} a set of unit vectors in Cd such that T (xix∗i ) = σ for all i. Then T (xx∗) = σ
for all unit vectors x ∈ span(Xk).
Proof. We can assume that the xi’s are linearly independent. The proof is done by induction
over k. For k = 1 the statement is evident. Suppose it is true for all x ∈ span(Xk) and
T (xk+1x
∗
k+1) = σ. Then let x˜ ∈ Xk+1 be a unit vector orthogonal to Xk and decompose
xk+1 = c1x + c2x˜ with c1, c2 ∈ C and x ∈ span(Xk). Lemma 3.2 applied to H = span(x, x˜)
and ρ = xk+1x
∗
k+1 leads to T (x˜x˜
∗) = σ. Consequently, for any unit vector y ∈ Xk+1 we obtain
T (yy∗) = σ when applying Lemma 3.2 within H = span(y, x˜). 
Proposition 3.4. Let T : Md(C) → Mn(C) be a quantum channel whose image has vertices
{σi}ki=1. Then, the input Hilbert space Cd decomposes as
C
d =
[
k⊕
i=1
Vi
]
⊕W = V ⊕W,
in such a way that
∀ρ ∈ Sd : T (ρ) = T1(ρV ) + T2(ρW ) =
[
k∑
i=1
Tr(PViρ)σi
]
+ T2(ρW ). (7)
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In the above expression, for a given subspace X ⊆ Cd, PX denotes the orthogonal projection
onto X and ρX := PXρPX is the restriction of ρ to X. Note that the channel T1 in (7) is
classical-quantum.
Proof. Start by defining, for all i = 1, . . . , k
Vi = span{x ∈ Cd : ||x|| = 1 ∧ T (xx∗) = σi}. (8)
Using the second part of Lemma 3.2, we deduce that the spaces Vi are orthogonal, and we define
then W = V0 to be the orthogonal complement of their direct sum.
Let us choose an orthonormal basis {xi}di=1 of Cd that respects the direct sum decomposition
above. Consider now two basis elements xi, xj, such that xi ∈ Vr, xj ∈ Vs, with r, s = 0, 1, . . . , k,
r 6= s. By applying Lemma 3.2 and Corollary 3.3 to the subspace Hi,j = span{xi, xj}, the
restriction of T to Hi,j can be written as
THi,j (ρ) = 〈xi, ρxi〉T (xix∗i ) + 〈xj , ρxj〉T (xjx∗j). (9)
This implies that the action of the map T is block-diagonal with respect to the direct sum
decomposition of Cd. In particular, T (ρ) =
∑k
i=0 T (PViρPVi) and Eq.(7) follows by linearity. 
This leads to a complete characterization of maps with polytopic images:
Theorem 3.5 (Channels with polytopic images). Let T : Md(C) → Mn(C) be a quantum
channel whose image is a convex polytope with k vertices {σi}ki=1. Then, there exists a subspace
V ⊆ Cd such that
T (ρ) = T1(ρV ) + T2(ρV ⊥) (10)
where T1 is a classical-quantum channel written as in (7) and T2 is such that Im(T2) ⊆ Im(T1)
and, for all i, σi /∈ Im(T2). Conversely, every map of this form has polytopic image with vertices
{σi}.
Proof. The channel decomposition and the fact that T1 is a classical-quantum channel follow
from Proposition 3.4. The inclusion of images follows easily from the fact that
hull({σi}ki=1) = Im(T1) = Im(T ) =
⋃
λ∈[0,1]
(1− λ)Im(T1) + λIm(T2).
The fact that the vertices σi do not belong to the image of T2 follows again from Proposition 3.4
since the only pure quantum states x such that T (xx∗) = σi belong to Vi ⊆ V , see Eq.(8). 
Corollary 3.6 (Dimension of polytopic images). Let T :Md(C)→Mn(C) be a quantum channel
whose image is a convex polytope with k vertices. Then
dim
(
Im(T )
) ≤ k − 1 ≤ d− 1.
Proof. While the first inequality holds for all convex polytopes, the second is a consequence of
the direct sum decomposition in Prop.3.4. 
Note, that if we do not constrain the dimension of the input space, then any convex polytope
C ⊆ Sn can be obtained as the image of a classical-quantum channel: if {σi ∈ Sn}ki=1 is the
set of vertices of C, we can choose d = k and an orthonormal basis {ei} in Cd such that
T (ρ) =
∑
i〈ei, ρei〉σi will have Im(T ) = C.
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4. Additivity of minimum output entropy
In the previous section, quantum channels having polytopic image have been shown to be the
sum of a CQ channel and an arbitrary channel whose image is included in the image of the CQ
channel. Since the minimum output entropy of a channel is a function of its image, one may
think that the additivity properties of channels with polytopic images should be identical to
the ones of CQ channels. In this section, we show that this intuition is false, by constructing
examples of quantum channels that have polytopic images but violate the additivity of the
minimum output (p-Re´nyi) entropy. The intuition behind the counterexamples is the fact that
the image of the CQ channel can “hide” the image of a non-additive channel, and taking tensor
products might reveal the non-additivity.
Recall that the p-Re´nyi entropy of a probability distribution x = (x1, . . . , xn) is defined, for
all p ≥ 1, by
H(p)(x) =
log
∑n
i=1 x
p
i
1− p ,
where the value at p = 1 is obtained by taking the limit p → 1 and it is equal to the Shannon
entropy
H(x) = H(1)(x) =
n∑
i=1
xi log xi.
These definitions extend, via functional calculus, to density matrices ρ ∈ Sn, the corresponding
quantities being called the Re´nyi entropies of ρ; the value at p = 1 is called the von Neumann
entropy of the density matrix ρ. For a quantum channel T : Md(C) → Mn(C), the minimum
output p-Re´nyi entropy is defined by
H
(p)
min(T ) = minρ∈Sd
H(p)(T (ρ)).
Note that the minimum above is attained for rank one projectors, since the entropy functions
are concave. The additivity of the minimum output entropy H
(p)
min plays an important role in
quantum information theory and was, for a long time, an open question: given two quantum
channels T1,2, is it true in general that
H
(p)
min(T1 ⊗ T2) = H(p)min(T1) +H(p)min(T2) ? (11)
Celebrated results by Hastings [12], Hayden and Winter [13] show that, for all p ≥ 1, there
exist quantum channels that do not satisfy the additivity condition above. However, CQ channels
always satisfy the additivity equation (11); more generally, all entanglement breaking channels
are additive [18]. It is thus natural to ask whether quantum channels having polytopic images
are always additive. A negative answer is provided in the following, by “hiding” Hastings-
Hayden-Winter counterexamples behind CQ channels. Since entanglement breaking channels
have additive minimal output entropies, the resulting channels cannot be entanglement breaking
despite the fact that they have polytopic image.
Theorem 4.1. For all p ≥ 1, there exist dimensions d, n, and a quantum channel T : Md(C)→
Mn(C) having a polytopic image, such that the pair (T, T¯ ) violates the additivity relation (11).
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Proof. The starting point of the proof is the idea to hide the image of a given additivity-violating
channel inside a polytope, which in turn can be realized as an image of some CQ channel. In
order for this to be possible, it is useful if the given image is in the interior of the state space,
i.e., if all output states have full rank.
To restrict ourselves to such examples, we use a result from [7], which states that ran-
dom quantum channels typically do not have any zero eigenvalues for large enough d ∈ N if
limd→∞
d
N(d) < 1, where N(d) is the dimension of the environment. On the other hand, in such
an asymptotic regime, the violation of additivity was proven to be typical in [10, 2, 9, 7] (see also
[12, 5, 1]). That is, there exists some channel T2 : Md2(C)→Mn(C) that violates the additivity
equation (11) for some ε > 0:
H
(p)
min(T2 ⊗ T¯2) < 2H(p)min(T2)− 2ε.
Here, T¯2 is the complex conjugate of T2, which is defined by taking complex conjugate Kraus
operators. Importantly, we can find such a T2 where all the output states have full rank by
taking the intersection of the two typical phenomena.
Now we hide the image of T2 inside some sufficiently tight polytopic image. By standard
arguments there is an arbitrary good outer approximation of Im(T1) by a convex polytope
P ⊆ Sn (cf.[11]). In particular, we can construct a CQ channel T1 : Md1(C)→Mn(C) that has
P as its image and by choosing P sufficiently close to Im(T2) (at the cost of increasing d1) we
can guarantee that
H
(p)
min(T1) ≥ H(p)min(T2)− ε.
As before, define T : Md1+d2(C)→Mn(C) by
T (ρ) = T1(ρ1) + T2(ρ2),
where ρ1 and ρ2 are the two diagonal blocks of ρ having respective dimensions d1 and d2. We
note that H
(p)
min(T ) = H
(p)
min(T1) and we have
H
(p)
min(T ⊗ T¯ ) ≤ H(p)min(T2 ⊗ T¯2) < 2H(p)min(T2)− 2ǫ ≤ 2H(p)min(T1) = 2H(p)min(T ),
which shows that the pair (T, T¯ ) violates the additivity relation (11). 
5. Fixed points of entanglement breaking channels
In order to prepare ourselves for the study of image additive channels in the subsequent section,
we have to make a brief excursion and investigate the fixed point structure of entanglement
breaking channels.
Throughout this section, we fix an entanglement breaking channel T : Md(C) → Md(C)
having the same input and output space.
Lemma 5.1. An entanglement breaking channel cannot leave invariant a matrix algebra of
dimension r ≥ 2.
Proof. Let V = span{e1, . . . , er} ⊂ Cd be a r ≥ 2 dimensional subspace such that the entangle-
ment breaking channel T : Md(C)→Md(C) leaves invariant all operators in End(V ). Consider
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the entangled state ψ ∈ Cd ⊗ Cd
ψ =
1√
r
r∑
i=1
ei ⊗ ei. (12)
Then
[T ⊗ id](ψψ∗) = 1
r
r∑
i,j=1
T (eie
∗
j )⊗ eie∗j =
1
r
r∑
i,j=1
eiej ⊗ eie∗j = ψψ∗, (13)
which is a contradiction, since ψ is entangled and T was supposed to break entanglement. 
Following [16, Section 3] (see also [19]), define
T∞ = lim
N→∞
1
N
N∑
n=1
T n. (14)
Since our linear maps live in a compact, finite-dimensional space, the above limit exists and
defines a quantum channel that satisfies
T∞ = T ◦ T∞ = T∞ ◦ T = T 2∞. (15)
Thus, T∞ is a completely positive projection on its image, the set of fixed points of T
FT = {X ∈Md(C) : T (X) = X}. (16)
The support subspace VT of T∞(1d) plays an important role, since the restriction of T to
this subspace has a full-rank invariant state. Using the structure theorem for finite dimensional
∗-algebras, one can obtain the following result [16, 19, 4].
Proposition 5.2. Given a quantum channel T : Md(C) → Md(C), there exist quantum states
σ1, . . . , σk ∈ Sd having orthogonal supports such that
FT = 0V ⊥
T
⊕
k⊕
i=1
Mdi(C)⊗ σi. (17)
Theorem 5.3. Let T : Md(C) → Md(C) be an entanglement breaking quantum channel. The
set of fixed points of T is spanned by density matrices σ1, . . . , σk with orthogonal supports
FT = span{σ1, . . . , σk} (18)
and the channel T∞ that projects on FT is essentially classical-quantum
T∞(ρ) =
k∑
i=1
Tr(Miρ)σi, (19)
so that the Mi form a POVM with ‖M1‖ = · · · = ‖Mk‖ = 1.
Proof. Note that since T is entanglement breaking, T∞ is also entanglement breaking. The first
statement follows now from the general characterization of fixed-point sets (17) and Lemma 5.1,
which imply that the dimensions di appearing in Proposition 5.2 have to be trivial, di = 1.
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Since the image of the non-restricted channel T∞ is FT , there exists a POVM (M1, . . . ,Mk)
such that equation (19) in the statement holds. The norm equalities are obtained using the fact
that the σi are fixed points:
1 ≥ ‖Mi‖ ≥ Tr(Miσi) = 1. (20)

6. Universally image additive channels
In this section, we introduce the notion of image additive channels, which is stronger than
the usual notion of additivity of minimum output p-Re´nyi entropies, introduced in Section 4,
see (11). We then prove the second main result of this paper, Theorem 6.2, which provides
a characterization of quantum channels T that are image additive with any other quantum
channel S. Note that the same task for the usual notion of additivity seems rather difficult for
the following reason. On one hand, entanglement breaking channels are additive (in the usual
sense) with any other channel; on the other hand, the same holds true for the identity channel
(or any other unitary conjugation, for that matter). These channels are of very different nature,
and thus the set of quantum channels that are additive with all other channels is not likely to
admit an easy description.
We start with the definition of a pair of image additive channels and of universally image-
additive channels.
Definition 6.1 (Image additivity). Two quantum channels Ti : Mdi(C) → Mni(C) , i = 1, 2
are called image additive if one of the following equivalent statements is satisfied:
i. The image of T1 ⊗ T2 is the convex hull of the tensor product of the images of T1,2:
Im(T1 ⊗ T2) = hull [Im(T1)⊗ Im(T2)] ;
ii. For every unit vector ψ ∈ Cd1 ⊗ Cd2, there is a separable state ρsep ∈ Sd1d2 such that
[T1 ⊗ T2](ψψ∗) = [T1 ⊗ T2](ρsep).
A channel T : Md(C) → Mn(C) is called universally image additive if for all n′, d′ ∈ N and
all channels S : Md′(C)→Mn′(C), the pair (T, S) is image additive.
Note that image additivity is stronger than minimum p-Re´nyi entropy additivity. We now
state the main result of this section, a characterization of universally image additive quantum
channels.
Theorem 6.2. Let T : Md(C) → Mn(C) be a quantum channel. The following assertions are
equivalent:
a) T is universally image additive;
b) T and id :Md(C)→Md(C) are image additive;
c) There exists an entanglement breaking channel S :Md(C)→Md(C) such that T = T ◦ S;
d) There exists an essentially classical-quantum channel S : Md(C) → Md(C) such that T =
T ◦ S;
e) T is essentially classical-quantum.
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Proof. We shall prove the series of implications a =⇒ b =⇒ c =⇒ d =⇒ e =⇒ a.
The implication a =⇒ b is trivial. For b =⇒ c, choose ψ to be the maximally entangled
state in Cd ⊗ Cd. Then, using the hypothesis, there exists a separable state ρsep such that
[T ⊗ id](ψψ∗) = [T ⊗ id](ρsep).
Moreover, ρsep is such that Tr1ρsep = 1d. Hence, thanks to the Choi-Jamio lkowski isomorphism
[6, 14], there exists an entanglement breaking channel S such that
ρsep = [S ⊗ id](ψψ∗).
We have thus
[T ⊗ id](ψψ∗) = [T ◦ S ⊗ id](ψψ∗),
so that, using again the Choi-Jamio lkowski isomorphism, T = T ◦ S, with S entanglement
breaking.
Let us now show c =⇒ d. Starting from T = T ◦S, we get, by recurrence, T = T ◦Sn for all
n ≥ 1 and thus T = T ◦ S∞. But S is entanglement breaking, so, using Theorem 5.3, we have
that S∞ is essentially classical-quantum.
For d =⇒ e, given an essentially CQ channel S(ρ) =∑ki=1 Tr(Miρ)σi, note that
T (ρ) = [T ◦ S](ρ) =
k∑
i=1
Tr [Miρ]T (σi),
which shows that T is essentially CQ itself.
Finally, for e =⇒ a, consider an essentially CQ channel where we separate the unit-norm
part from the operators Mi and write
T (ρ) =
k∑
i=1
Tr
[
(eie
∗
i + M˜i)ρ
]
σi.
Using (3), we get T = T ◦ S, where S is the essentially CQ (and thus entanglement breaking)
channel
S(ρ) =
k∑
i=1
Tr
[
(eie
∗
i + M˜i)ρ
]
eie
∗
i .
For any channel T2, we write
[T ⊗ T2](ψψ∗) = [T ⊗ T2] ([S ⊗ id](ψψ∗)) = [T ⊗ T2](ρsep),
with the separable input
ρsep = [S ⊗ id](ψψ∗).

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7. On entanglement breaking channels with polytopic image
The main results of sections 3 and 6 are, respectively, a characterization of quantum chan-
nels with polytopic image and identifying the set of image additive channels, as a subclass of
entanglement-breaking channels. It turns out that essentially classical-quantum channels, which
exhibit a strong form of additivity, have polytopic image. It is thus natural to ask whether these
channels are precisely the entanglement-breaking channels having polytopic image. In this sec-
tion, we construct two examples of entanglement breaking quantum channels having polytopic
image, which are not essentially classical quantum. Before we introduce our examples, we need
some preparatory lemmas.
Lemma 7.1. Consider an essentially classical-quantum channel T : Md(C)→Mn(C) given by
T (ρ) =
k∑
i=1
Tr(Miρ)σi,
with ‖Mi‖ = 1, for all i. Since the image of T is the convex hull of the quantum states σi, one
can find a subset of these states, say the first r of them, that are the extreme points of the image.
Then, there exist POVM operators N1, . . . , Nr, with ‖Ni‖ = 1 for all i, such that
T (ρ) =
r∑
i=1
Tr(Niρ)σi.
Proof. The result follows easily by decomposing each quantum state σj that is not an extreme
point of the image as a convex combination of those that are extreme points, and collecting the
corresponding effect operators Mj. The unit norm property is a consequence of the fact that,
for all i ≤ r, Ni ≥Mi. 
Lemma 7.2. Let T : Md1+d2(C) → Mn(C) be a quantum channel defined by T (ρ) = T1(ρ1) +
T2(ρ2), where Ti : Mdi(C) → Mn(C) are quantum channels and ρi ∈ Mdi(C) is the upper-left
(resp. lower-right) diagonal block of ρ:
ρ =
[
ρ1 τ
τ∗ ρ2
]
.
Then, the channel T is entanglement breaking if and only if both channels T1,2 are entanglement
breaking.
Proof. By construction, the image of T ⊗ id has the form:
Im(T ⊗ id) =
⋃
0≤λ≤1
[λ Im(T1 ⊗ id) + (1− λ) Im(T2 ⊗ id)] (21)
Then, obviously Im(T ⊗ id) is separable if and only if Im(T1 ⊗ id) and Im(T2 ⊗ id) are both
separable. 
To introduce our first example, consider unital qubit channels that, in the Bloch ball picture,
have a disc of radius r as image. Then, the conditions for complete positivity (23) and (24)
amount to r ≤ 1/2, so the only discs centered at the origin which can be images of unital qubit
quantum channels are the ones with radius smaller than one half.
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Proposition 7.3. Let T2 : M2(C)→M2(C) be a unital quantum channel that, in the Bloch ball
representation, has a disc D of radius 1/2 as its image. Consider, for some integer d, a classical
quantum channel T1 :Md(C)→M2(C) given by
T1(ρ1) =
d∑
i=1
〈ei, ρ1ei〉σi,
where {ei}di=1 is an orthonormal basis of Cd and {σi}di=1 is a set of mixed quantum states
forming the vertices of a convex polytope such that
D ⊆ hull{σi}di=1.
Define a quantum channel T : Md+2(C)→M2(C) by T (ρ) = T1(ρ1) +T2(ρ2), where ρ1,2 are the
upper (resp. lower) diagonal blocks of ρ. Then, the channel T has a polytopic image and it is
entanglement breaking, but not essentially classical-quantum.
Proof. The fact that the image of T is a polytope comes from the inclusion of the images of the
channels T1,2. Moreover, it follows from [17, Theorem 4] that the channel T2 is entanglement
breaking and thus T is also entanglement breaking, by Lemma 7.2.
We show now, by reductio ad absurdum, that the channel T is not essentially classical-
quantum. Suppose T were an essentially classical-quantum channel; since the image of T is
a convex polytope having as extreme points precisely the (mixed) quantum states {σi}di=1, it
follows by Lemma 7.1 that there exists a POVM (Mi)
d
i=1 consisting of operators of norm one,
such that
T (ρ) =
d∑
i=1
Tr(Miρ)σi.
Restricting to the lower-right 2× 2 corner of Md+2(C), we can write
T2(ρ2) =
d∑
i=1
Tr(Niρ2)σi,
for any qubit density matrix ρ2. Here Ni is the lower-right 2 × 2 block of Mi. Note that the
Ni’s again form a qubit POVM but the norms may be smaller than one.
Since all the states σi are mixed (and thus have full rank), one can find a positive number ε
such that
∀1 ≤ i ≤ d, σ′i := (1 + ε)σi − ε
1
2
≥ 0.
Writing the channel T2 in terms of the new matrices σ
′
i, we obtain
T2(ρ2) =
1
1 + ε
d∑
i=1
Tr(Niρ2)σ
′
i +
ε
1 + ε
1
2
=
1
1 + ε
T ′2(ρ2) +
ε
1 + ε
∆(ρ2),
where ∆ denotes the totally depolarizing channel, and
T ′2(ρ2) :=
d∑
i=1
Tr(Niρ2)σ
′
i
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is again a quantum channel. Since the image of the channel T2 is a disc of radius one half,
the image of T ′2 is a disc of radius (1 + ε)/2, which contradicts the Fujiwara-Algoet conditions
(23)-(24), completing the proof. 
Let us also consider a three dimensional version of the previous example, by looking at qubit
depolarizing channels
∆r(ρ) = rρ+ (1− r)1
2
.
Such a channel has a sphere of radius r as an image and it is thus entanglement breaking if and
only if r ≤ 1/3 (see [17, Theorem 4]).
Proposition 7.4. Let T2 = ∆r : M2(C) → M2(C) be a qubit depolarizing channel with param-
eter r = 1/3; the image of T2 is a sphere S of radius 1/3. Consider, for some integer d ∈ N, a
classical quantum channel T1 :Md(C)→M2(C) given by
T1(ρ1) =
d∑
i=1
〈ei, ρ1ei〉σi,
where {ei}di=1 is an orthonormal basis of Cd and {σi}di=1 is a set of mixed quantum states that
are the vertices of a convex polytope such that
S ⊆ hull{σi}di=1.
Define a quantum channel T : Md+2(C)→M2(C) by T (ρ) = T1(ρ1) +T2(ρ2), where ρ1,2 are the
upper (resp. lower) diagonal blocks of ρ. Then, the channel T has a polytopic image and it is
entanglement breaking, but not essentially classical-quantum.
Proof. As in the previous proposition, the polytopic image and the entanglement breaking prop-
erties follow directly from the construction. Let us now show, in the same manner as before,
that the channel T is not essentially classical-quantum. Suppose, for a contradiction, that T
were an essentially classical-quantum channel. Using the same reasoning as before, one can find
density matrices {σ′i} and a POVM (Ni) such that
T2(ρ2) =
1
1 + ε
d∑
i=1
Tr(Niρ2)σ
′
i +
ε
1 + ε
1
2
=
1
1 + ε
T ′2(ρ2) +
ε
1 + ε
∆(ρ2),
where ∆ denotes the totally depolarizing channel, and
T ′2(ρ2) :=
d∑
i=1
Tr(Niρ2)σ
′
i
is an entanglement breaking quantum channel. Recall now that T2 is the depolarizing channel
of parameter r = 1/3 and thus
T ′2(ρ2) =
1 + ε
3
ρ2 +
2− ε
3
1
2
= ∆(1+ε)/3(ρ2),
which is a contradiction, since the qubit depolarizing channel of parameter r = (1 + ε)/3 is not
entanglement breaking. 
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Let us finally summarize the picture for quantum channels having polytopic images of small
dimensions:
Proposition 7.5. Consider quantum channels having a polytope image of dimension r ≥ 0.
Then, if r = 0, 1, the channel has to be classical-quantum and thus entanglement-breaking. If
r = 2, 3, there exist examples of entanglement breaking channels with polytopic image that are
not essentially classical-quantum.
Proof. If r = 0, then Im(T ) = {σ} and the channel T is simply
T (ρ) = Tr(ρ)σ,
which is classical-quantum.
If r = 1, use Theorem 3.5 to decompose T as
T (ρ) = T1(ρ1) + T2(ρ2),
where T1 is a classical-quantum channel and T2 is any channel such that
Im(T2) ⊆ Im(T1) = Im(T ).
Hence the image of T2 is also a segment (possibly degenerated) and one can use repeatedly
Theorem 3.5 to decompose this channel into classical-quantum channels. This procedure ends
after a finite number of steps, since the dimension of the input space is finite.
The cases r = 2, 3 are treated in Propositions 7.3, 7.4. 
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Appendix A. Bloch ball representation
We briefly recall the Bloch ball. Any qubit state ρ can be written as
ρ =
1
2
1+
3∑
i=1
wiσi (22)
where {σi}3i=1 are the Pauli matrices and {wi}3i=1 ⊂ R are such that
∑3
i=1w
2
i ≤ 1. So, the
set of quantum qubit states can be identified as the unit ball in R3. Hence, up to rotations,
which correspond to unitaries on the Hilbert space, any trace preserving linear map on qubit
sates can expressed in terms of two vectors λ, t ∈ R3 corresponding to compressions and shifts,
respectively, w.r.t. the corresponding axis. Hence, the image is always an ellipsoid such that for
i ∈ {1, 2, 3} the radius along the axis i is λi and the center is (t1, t2, t3) ∈ R3. When the channel
is unital, ti = 0 holds for all i and the Fujiwara-Algoet conditions [8] show that the inequalities:
λ1 + λ2 ≤ 1 + λ3 (23)
λ1 − λ2 ≤ 1− λ3 (24)
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are equivalent to complete positivity of the map.
References
[1] Aubrun, G., Szarek, S. and Werner, E. Non-additivity of Re´nyi entropy and Dvoretzky’s theorem. J. Math.
Phys. 51, 022102 (2010).
[2] Aubrun, G., Szarek, S. and Werner, E. Hastings’s additivity counterexample via Dvoretzky’s theorem. Comm.
in Math. Phys. 305, no. 1, 85–97 (2011).
[3] Berger, M. Geometry I. Springer-Verlag (1987).
[4] Blume-Kohout, R., Ng, H.K., Poulin, D., and Viola, L. Information preserving structures: A general framework
for quantum zero-error information. Phys. Rev. A 82 062306 (2010).
[5] Brandao, F.G.S.L., and Horodecki, F. On Hastings’ counterexamples to the minimum output entropy additivity
conjecture. Open Syst. Inf. Dyn. 17, 31 (2010).
[6] Choi, M.-D. Completely positive linear maps on complex matrices. Linear Alg. Appl. 10, 285 (1975).
[7] Collins, B. and Nechita, I. Random quantum channels II: Entanglement of random subspaces, Re´nyi entropy
estimates and additivity problems. Advances in Mathematics 226, 1181-1201(2011).
[8] Fujiwara, A. and Algoet, P. One-to-one parametrization of quantum channels. Phys. Rev. A 59 3290 (1999).
[9] Fukuda, M. Revisiting additivity violation of quantum channels, Comm. Math. Phys, DOI 10.1007/s00220-
014-2101-2.
[10] Fukuda, M. and King, C. Entanglement of random subspaces via the Hastings bound. J. Math. Phys. 51,
042201 (2010).
[11] Gruber, P.M. Aspects of approximation of convex bodies, Handbook of Convex Geometry A (P.M. Gruber
and J.Wills, eds.), North-Holland, Amsterdam (1993).
[12] Hastings, M. B. Superadditivity of communication capacity using entangled inputs. Nature Physics 5, 255
(2009).
[13] Hayden, P. and Winter, A. Counterexamples to the maximal p-norm multiplicativity conjecture for all p > 1.
Comm. Math. Phys. 284 (2008), no. 1, 263–280.
[14] Jamio lkowski, A. Linear transformations which preserve trace and positive semi-definiteness of operators.
Rep. Math. Phys. 3, 275 (1972).
[15] King, C. and Ruskai, M.B. Minimal Entropy of States Emerging from Noisy Quantum Channels IEEE Trans.
Info. Theory 47, 192209 (2001).
[16] Lindblad, G. A General No-Cloning Theorem. Lett. in Math. Phys. 47 (2), 189–196 (1999).
[17] Ruskai, M.-B. Qubit Entanglement Breaking Channels. Rev. Math. Phys. 15, 643-662 (2003).
[18] Shor, P. W. Additivity of the classical capacity of entanglement-breaking quantum channels. J. Math. Phys.
43, 4334 (2002).
[19] Wolf, M. Quantum channels & operations: Guided tour. Lecture notes available online, July 2012.
MF, IN, MMW: Zentrum Mathematik, M5, Technische Universita¨t Mu¨nchen, Boltzmannstrasse
3, 85748 Garching, Germany
IN: CNRS, Laboratoire de Physique The´orique, IRSAMC, Universite´ de Toulouse, UPS, F-31062
Toulouse, France
E-mail address: m.fukuda@tum.de, nechita@irsamc.ups-tlse.fr, m.wolf@tum.de
